The generalized k-connectivity κ k (G) of a graph G, introduced by Hager in 1985, is a nice generalization of the classical connectivity. Recently, as a natural counterpart, we proposed the concept of generalized k-edgeconnectivity λ k (G). In this paper, graphs of order n such that κ k (G) = n − k 2 − 1 and λ k (G) = n − k 2 − 1 for even k are characterized. the vertices of S together with the edges incident with them from G. We denote by E G [X, Y ] the set of edges of G with one end in X and the other end in Y . If
Introduction
All graphs considered in this paper are undirected, finite and simple. We refer to the book [3] for graph theoretical notation and terminology not described here. For a graph G, let V (G), E(G), G denote the set of vertices, the set of edges of G and the complement, respectively. Let d G (v) denote the degree of the vertex v in G. As usual, the union of two graphs G and H is the graph, denoted by requires the degree of each vertex of S in a Steiner tree connecting S equal to one. Note that it is a special case of the tree-connectivity.
As a natural counterpart of the generalized connectivity, we introduced in [32] the concept of generalized edge-connectivity, which is a generalization of the 'path' version definition of edge-connectivity. For S ⊆ V (G) and |S| ≥ 2, the generalized local edge-connectivity λ(S) is the maximum number of edge-disjoint Steiner trees connecting S in G. For an integer k with 2 ≤ k ≤ n, the generalized k-edge-connectivity λ k (G) of G is then defined as λ k (G) = min{λ(S) | S ⊆ V (G) and |S| = k}. It is also clear that when |S| = 2, λ 2 (G) is nothing new but the standard edge-connectivity λ(G) of G, that is, λ 2 (G) = λ(G), which is the reason why we address λ k (G) as the generalized edge-connectivity of G. Also set λ k (G) = 0 when G is disconnected. Results on the generalized edge-connectivity can be found in [28, 29, 32] .
In fact, Mader [19] was studying an extension of Menger's theorem to independent sets of three or more vertices. We know from Menger's theorem that if S = {u, v} is a set of two independent vertices in a graph G, then the maximum number of internally disjoint u-v paths in G equals the minimum number of vertices that separate u and v. For a set S = {u 1 , u 2 , . . . , u k } of k vertices (k ≥ 2) in a graph G, an S-path is defined as a path between a pair of vertices of S that contains no other vertices of S. Two S-paths P 1 and P 2 are said to be internally disjoint if they are vertex-disjoint except for their endvertices. If S is a set of independent vertices of a graph G, then a vertex set U ⊆ V (G) with U ∩ S = ∅ is said to totally separate S if every two vertices of S belong to different components of G − U . Let S be a set of at least three independent vertices in a graph G. Let µ(G) denote the maximum number of internally disjoint S-paths and µ ′ (G) the minimum number of vertices that totally separate S. A natural extension of Menger' s theorem may well be suggested, namely: If S is a set of independent vertices of a graph G and |S| ≥ 3, then µ(S) = µ ′ (S). However, the statement is not true in general. Take the above graph H 1 for example. For S = {v 1 , v 2 , v 3 }, µ(S) = 1 but µ ′ (S) = 2. Mader proved that µ(S) ≥ 1 2 µ ′ (S). Moreover, the bound is sharp. Lovász conjectured an edge analogue of this result and Mader proved this conjecture and established its sharpness. For more details, we refer to [19, 20, 34] .
In addition to being natural combinatorial measures, the Steiner Tree Packing Problem (defined as follows) and the generalized edge-connectivity can be motivated by their interesting interpretation in practice as well as theoretical consideration. From a theoretical perspective, both extremes of this problem are fundamental theorems in combinatorics. One extreme of the problem is when we have two terminals. In this case internally (edge-)disjoint trees are just internally (edge-)disjoint paths between the two terminals, and so the problem becomes the well-known Menger theorem. The other extreme is when all the vertices are terminals. In this case internally disjoint Steiner trees and edge-disjoint trees are just edge-disjoint spanning trees of the graph, and so the problem becomes the classical Nash-Williams-Tutte theorem. Theorem 1.1 (Nash-Williams [33] , Tutte [39] ). A multigraph G contains a system of ℓ edge-disjoint spanning trees if and only if G/P ≥ ℓ(|P| − 1) holds for every partition P of V (G), where G/P denotes the number of crossing edges in G, i.e., edges between distinct parts of P.
The generalized edge-connectivity is related to an important problem, which is called the Steiner Tree Packing Problem (definied as follows). For a given graph G and S ⊆ V (G), this problem asks to find a set of maximum number of edge-disjoint Steiner trees connecting S in G. One can see that the Steiner Tree Packing Problem studies local properties of graphs, but the generalized edge-connectivity focuses on global properties of graphs. The generalized edgeconnectivity and the Steiner Tree Packing Problem have applications in V LSI circuit design, see [10, 11, 38] . In this application, a Steiner tree is needed to share an electronic signal by a set of terminal nodes. Another application, which is our primary focus, arises in the Internet Domain. Imagine that a given graph G represents a network. We choose arbitrary k vertices as nodes. Suppose that one of the nodes in G is a broadcaster, and all the other nodes are either users or routers (also called switches). The broadcaster wants to broadcast as many streams of movies as possible, so that the users have the maximum number of choices. Each stream of movie is broadcasted via a tree connecting all the users and the broadcaster. So, in essence we need to find the maximum number of Steiner trees connecting all the users and the broadcaster, namely, we want to get λ(S), where S is the set of the k nodes. Clearly, it is a Steiner Tree Packing Problem. Furthermore, if we want to know whether for any k nodes the network G has the above properties, then we need to compute λ k (G) = min{λ(S)} in order to prescribe the reliability and the security of the network.
The following two observations are easily seen from the definitions.
Chartrand et al. in [5] got the exact value of the generalized k-connectivity for the complete graph K n . Lemma 2.1. If G is a graph obtained from the complete graph K n by deleting a set of edges M such that
Corollary 2.2. For every two integers n and k with 4 ≤ k ≤ n, if k is even and M is a set of edges in the complete graph K n such that
In [32] , we stated a useful lemma for general k. Let S ⊆ V (G) be such that |S| = k, and T be a maximum set of edgedisjoint S-Steiner trees in G. Let T 1 be the set of trees in T whose edges belong to E(G[S]), and T 2 be the set of S-Steiner trees containing at least one edge of
(Throughout this paper, T , T 1 , T 2 are defined in this way.) Lemma 2.3 [32] . Let G be a connected graph of order n, and S ⊆ V (G) with |S| = k (3 ≤ k ≤ n) and let T be an S-Steiner tree. If T ∈ T 1 , then T contains exactly k − 1 edges of E(G[S]). If T ∈ T 2 , then T contains at least k edges of
Lemma 2.4. For every two integers n and k with 4 ≤ k ≤ n, if k is even and M is a set of edges of the complete graph K n such that |M | ≥ k and
, we select one of the vertices having maximum degree, say u i . Set
By such a choosing, the number of the vertices belonging to S is r
In addition, we select one endvertex of each independent edge into S. Till now, the total number of the vertices belonging to
then we can add some other vertices in G into S such that |S| = k. Thus all edges of E(C i ) and the s independent edges are put into E(K n [S]) ∪ E Kn [S,S], that is, all edges
Suppose that |E(K n [X i ])| = 0 for all 1 ≤ i ≤ r. Then each C i must be a star such that |E(C i )| ≥ 2. Recall that u i is one of the vertices having maximum degree in
In addition, we choose one endvertex of each independent edge into S. By such a choosing, the total number of the vertices belonging to S is
then we can add some other vertices in G into S such that |S| = k. Thus all edges of E(C i ) and the s independent edges are put into E(K n [S]) ∪ E Kn [S,S], that is, and all edges of
From the above arguments, we conclude that there exists an Lemma 2.5. For every two integers n and k with 4 ≤ k ≤ n, if k is even and M is a set of edges in the complete graph K n such that |M | ≥ k and ∆(K n [M ]) = 1,
. . , u k }. We will show that κ(S) < n − k 2 − 1. Clearly, |S| = n − k, and letS = {w 1 , w 2 , . . . , w n−k }. Since each tree in T 2 contains at least one vertex ofS, it follows that |T 2 | ≤ n − k. By the definition of T 1 , we have
Furthermore, we claim that |T 2 | ≤ n − k − 1. Assume, to the contrary, that |T 2 | = n − k. Let T 1 , T 2 , . . . , T n−k be the n − k edge-disjoint S-Steiner trees in T 2 . For each Graphs with Large Generalized (Edge-)Connectivity 939 tree T i (1 ≤ i ≤ n − k), this tree only occupies one vertex ofS, say w i . Since
is an S-Steiner tree in T 2 , it follows that this tree T i must contain at least one edge in G[S] = K k . So the trees T 1 , T 2 , . . . , T k must use at least k edges in G[S],
, if T 1 contains three vertices ofS, then the remaining n − k − 3 vertices inS must be contained in at most n − k − 3 trees in T 2 , which results in |T 2 | ≤ (n−k −3)+1 = n−k −2, a contradiction. So we assume that the tree T 1 contains another vertex ofS except w 1 , say w 2 . Recall that k ≥ 4. Then |S| ≥ k ≥ 4. By the same reason, there is another tree T 2 containing two vertices ofS, say w 3 , w 4 . Furthermore, the remaining n − k − 4 vertices inS must be contained in at most n−k −4 trees in T 2 , which results in
Lemma 2.6. If n (n ≥ 4) is even and M is a set of edges in the complete graph K n such that 1 ≤ |M | ≤ n − 1 and 1 ≤ ∆(K n [M ]) ≤ n 2 , then G = K n − M contains n−2 2 edge-disjoint spanning trees.
, and E p be the set of edges between distinct blocks of P in G. It suffices to show that |E p | ≥ n−2 2 (|P| − 1) so that we can use Theorem 1.1. The case p = 1 is trivial by Theorem 1.1, thus we assume p ≥ 2. For p = 2, we have
one can see that |E 2 | achives its minimum value when n 1 = 2 or n 1 = n − 2. Thus |E 2 | ≥ n − 3 ≥ n−2 2 since n ≥ 4. The result follows from Theorem 1.1.
Let us consider the remaining cases for p, namely, for 3 ≤ p ≤ n. Since
n i 2 achieves its maximum value when n 1 = n 2 = · · · = n p−1 = 1 940 X. Li and Y. Mao and n p = n − p + 1, we need inequality (n − p) n−2
It is easy to see that the inequality holds since 3 ≤ p ≤ n. Thus,
edge-disjoint spanning trees in G, as desired.
Lemma 2.7. Let k, n be two integers with 4 ≤ k ≤ n, and M be an edge set of the complete graph K n satisfying ∆(K n [M ]) = 1. Then
edge-disjoint spanning trees, which are also k−2 2 internally disjoint S-Steiner trees. These trees together with the trees T i induced by the edges in Figure  1 (a)) and the trees T j induced by the edges in
First, we consider 2r+s = k. Since k is even, it follows that s is even. If s = 0,
2 edge-disjoint spanning trees, which are also k−2 2 internally disjoint S-Steiner trees. These trees together with the trees T j induced by the edges in Consider s = 2. Since 2r + s = k, we have r = k−2 2 . If k = 4, then r = 1 and hence S = {u 1 , u 2 , u 3 , w 1 }. Clearly, M 1 = {u 1 w 1 }, and the tree T 1 induced by the edges in {u 1 u 2 , u 1 w 2 , w 1 w 2 , u 3 w 2 } and the tree T 2 induced by the edges in {u 1 u 3 , u 2 u 3 , u 2 w 1 } and the tree T 3 induced by the edges in {u 1 w 3 , u 2 w 3 , w 1 w 3 , u 3 w 1 } are three spanning trees; see Figure 1 (c). These trees together with the trees T j induced by the edges in
} are two internally disjoint S-Steiner trees; see Figure 1 
Then
2 edge-disjoint spanning trees by Lemma 2.6, which are also k−2 2 internally disjoint S-Steiner trees. These trees together with T 1 , T 2 and the trees T j induced by the edges in
Consider the remaining case for s, namely, for 4 ≤ s ≤ k − 2. Clearly, there exists a cycle of order s containing u r+1 , u r+2 , . . . , u r+s in K k − M 1 , say
edge-disjoint spanning trees by Lemma 2.6. These trees together with the trees T r+j induced by the edges in {u 1 w r+j , u 2 w r+j , . . . , u r+j−1 w r+j , u r+j+1 w r+j , . . . , u r+s w r+j , u r+j u r+j+1 , w 1 w r+j , w 2 w r+j , . . . , w r w r+j } (1 ≤ j ≤ s) form k−2 2 + s internally disjoint trees; see Figure 2 (b) (note that u r+s = u k−r ). These trees together with the trees T ′ j induced by the edges in
2 edge-disjoint spanning trees. These trees together with the trees T j induced by the edges in
2 edge-disjoint spanning trees by Lemma 2.6, which are also k−2 2 internally disjoint S-Steiner trees. These trees together with the trees T r+j induced by the edges in {u 1 w r+j , u 2 w r+j , . . . , u r+j−1 w r+j , u r+j+1 w r+j , . . . , u k−r w r+j , u r+j u r+j+1 , w 1 w r+j , w 2 w r+j , . . . , w r w r+j } (1 ≤ j ≤ s) form k−2 2 + s internally disjoint S-Steiner trees; see Figure 1 (b). These trees together with the trees T ′ j induced by the edges in
We conclude that κ(S) ≥ n − k 2 − 1 for any S ⊆ V (G). From the arbitrariness of S, it follows that κ k (G) ≥ n − k 2 − 1. (2) Set G = K n − M . Assume that n is even. Thus M is a perfect matching of K n , and all vertices of G are M -saturated. By the definition of λ k (G), we need to show that λ(S) ≥ n − k 2 − 1 for any S ⊆ V (G). 
is a clique of order k, it follows that there are k 2 edge-disjoint spanning trees in G[S], which are also k (see Figure 2(a) ) and the trees T ′ j induced by the edges in {u 1 u j , u 2 u j , . . . , u k u j } (k + 1 ≤ j ≤ n 2 ) and the trees T ′′ j induced by the edges in 
Combining this with 2r + s = k, we have r = 0, a contradiction. Since k = 2r + s and k is even, it follows that s is even. 
If k = 4, then r = 1 and hence S = {u 1 , u 2 , u 3 , w 1 }. Clearly, M 1 = {u 1 w 1 }, and the tree T 1 induced by the edges in {u 1 u 2 , u 1 w 2 , w 1 w 2 , u 3 w 2 } and the tree T 2 induced by the edges in {u 1 u 3 , u 2 u 3 , u 2 w 1 } and the tree T 3 induced by the edges in {u 1 w 3 , u 2 w 3 , w 1 w 3 , u 3 w 1 } are three edgedisjoint spanning trees; see Figure 1 (c). These trees together with the trees T j induced by the edges in {u 1 u j , u 2 u j , u 3 u j , w 1 u j } (4 ≤ k ≤ n 2 ) and the trees T ′ j induced by the edges in {u 1 w j , u 2 w j , u 3 w j , w 1 u j } (4 ≤ k ≤ n 2 ) form 3+(n−6) edgedisjoint S-Steiner trees. So, λ(S) ≥ n − 3 = n − k 2 − 1, as desired. Suppose k ≥ 6. Then r ≥ 2, S = {u 1 , u 2 , . . . , u k+2 Then
2 edge-disjoint spanning trees by Lemma 2.6. These trees together with T 1 , T 2 and the trees T j induced by the edges in {u 1 u j , u 2 u j , . . . , u k+2 2 u j , w 1 u j , w 2 u j , . . . , u k−2 2 u j } ( k 2 + 2 ≤ j ≤ n 2 ) and the trees T ′ j induced by the edges in {u 1 w j , u 2 w j , . . . , u k+2
edge-disjoint spanning trees by Lemma 2.6. These trees together with the trees T r+j induced by the edges in {u 1 w r+j , u 2 w r+j , . . . , u r+j−1 w r+j , u r+j+1 w r+j , . . . , u r+s w r+j , u r+j u r+j+1 , w 1 w r+j , w 2 w r+j , . . . , w r w r+j } (1 ≤ j ≤ s) form k−2 2 + s edge-disjoint S-Steiner trees; see Figure 2 (b). These trees together with the trees T ′ i induced by the edges in {u 1 u i , u 2 u i , . . . , u r+s u i , w 1 u i , . . . , w r u i } (r + s + 1 ≤ i ≤ n 2 ) and the trees T ′′ i induced by the edges in {u 1 w i , u 2 w i , . . . , u r+s w i , w 1 w i , . . . , w r w i } (r + s + 1 ≤ i ≤ n 2 ) form (n − 2r − 2s) + ( k−2 2 + s) = n − k 2 − 1 edge-disjoint S-Steiner trees since 2r + s = k. Thus, λ(S) ≥ n − k 2 − 1, as desired. We conclude that λ(S) ≥ n − k 2 − 1 for any S ⊆ V (G). From the arbitrariness of S, it follows that λ k (G) ≥ n − k 2 − 1. For n odd, M is a maximum matching and we can also check that λ k (G) ≥ n − k 2 − 1 similarly. Lemma 2.8. Let n and k be two integers such that k is even and 4 ≤ k ≤ n. If M is a set of edges in the complete graph K n such that |M | = k − 1, and
For n = k, there are n−2 2 edge-disjoint spanning trees by Lemma 2.6, and hence κ n (G) = λ n (G) ≥ n−2 2 . So from now on, we assume n ≥ k + 1.
We have the following two cases to consider. . All these trees together with the trees T i induced by the edges in
). In this case, there exist some edges of
We claim that there exists at most one vertex in K n [M ] such that its degree is k 2 . Assume, to the contrary, that there are two vertices, say w and w ′ , such that
. Our basic idea is to seek for some edges in G[S], and combine them with the edges of E G [S,S] to form n − k internally disjoint trees, say T 1 , T 2 , . . . , T n−k , with their roots w 1 , w 2 , . . . , w n−k , respectively. Let G ′ = G − ( n−k j=1 E(T j )). We will prove that G ′ [S] satisfies the conditions of Lemma 2.6 so that G ′ [S] contains k−2 2 edge-disjoint spanning trees, which are also k−2 2 internally disjoint S-Steiner trees. These trees together with T 1 , T 2 , . . . , T n−k are our n − k 2 − 1 desired trees. Thus, κ(S) ≥ n − k 2 − 1. So we can complete our proof by the arbitrariness of S. For w 1 ∈S, without loss of generality, let S = S 1 1 ∪ S 1 2 and S 1
One can see that the tree T ′ 1 induced by the edges in {w 1 u x 1 +1 , w 1 u x 1 +2 , . . . , w 1 u k } is a Steiner tree connecting S 1 2 . Our current idea is to seek for x 1 edges in E G [S 1 1 , S 1 2 ] and add them to T ′ 1 to form a Steiner tree connecting S. For each u j ∈ S 1
We conclude that for each u j ∈ S 1 1 (1 ≤ j ≤ x 1 ) there is at least one edge in G connecting it to a vertex of S 1 2 . Choose the vertex with the smallest subscript among all the vertices of S 
, we proceed to find e 14 , e 15 , . . . , e 1x 1 in the same way, and obtain graphs G 1j = G − {e 11 , e 12 , . . . , e 1(j−1) } (1 ≤ j ≤ x 1 ). Let M 1 = {e 11 , e 12 , . . . , e 1x 1 } and G 1 = G − M 1 . Thus the tree T 1 induced by the edges in {w 1 u x 2 +1 , w 1 u x 2 +2 , . . . , w 1 u k } ∪ {e 11 , e 12 , . . . , e 1x 1 } is our desired tree.
Let us now prove the following claim.
Let us now assume u p ∈ S 1 2 . By the above procedure, there exists a vertex u q ∈ S 1 1 such that when we select the edge e 1j = u p u q (1 ≤ j ≤ x 1 ) from G 1(j−1) [S], then the degree of u p in G 1j [S] is equal to k−4 2 . Thus,
Without loss of generality, let |E G [u q , S 1 2 ]| = t and u q u j ∈ E(G) for x 1 + 1 ≤ j ≤ x 1 + t; see Figure 3 (a). Thus u p ∈ {u x 1 +1 , u x 1 +2 , . . . , u x 1 +t }, and u q u j ∈ M for
. Assume, to the contrary, that there is a vertex u s (
. Then we should have selected the edge u q u s instead of e 1j = u q u p by our procedure, a contradiction. We conclude that
Clearly, there are at least k − 1 − k−2 2 = k 2 edges incident to each u r (x 1 + 1 ≤ r ≤ x 1 + t) belonging to M ∪ {e 11 , e 12 , . . . , e 1(j−1) }. Since j ≤ x 1 and u q u j ∈ M for x i + t + 1 ≤ j ≤ k, we have
Graphs with Large Generalized (Edge-)Connectivity 947 and hence By Claim 1, we have δ(G 1 [S]) ≥ k−2 2 . Recall that there exists at most one vertex in K n [M ] such that its degree is k 2 , and x n−k ≤ x n−k−1 ≤ · · · ≤ x 2 ≤ x 1 ≤ k 2 . Then x i ≤ k−2 2 for 2 ≤ i ≤ n − k. Now we continue to introduce our procedure.
For w 2 ∈S, without loss of generality, let S = S 2 1 ∪ S 2 2 and S 2
Clearly, the tree T ′ 2 induced by the edges in {w 2 u x 2 +1 , w 2 u x 2 +2 , . . . , w 2 u k } is a Steiner tree connecting S 2 2 . Our idea is to seek for x 2 edges in E G 1 
, we proceed to find e 23 , e 24 , . . . , e 2x 2 in the same way, and get graphs G 2j = G 1 − {e 21 , e 22 , . . . , e 2(j−1) } (1 ≤ j ≤ x 2 ). Let M 2 = {e 21 , e 22 , . . . , e 2x 2 } and G 2 = G 1 − M 1 . Thus the tree T 2 induced by the edges in {w 2 u x 2 +1 , w 2 u x 2 +2 , . . . , w 2 u k } ∪ {e 21 , e 22 , . . . , e 2x 2 } is our desired tree. Furthermore, T 2 and T 1 are two internally disjoint S-Steiner trees.
For w i ∈S, without loss of generality, let S = S i 1 ∪ S i 2 and S i
and add them to T ′ i to form a Steiner tree connecting S. For each u j ∈ S i
Then there are k − x i edges between u j and S i 2 belonging to M ∪ ( i−1 j=1 M j ), and 
, we proceed to find e i3 , e i4 , . . . , e ix i in the same way, and get graphs
. . , e ix 2 } and G i = G i−1 − M i . Thus the tree T i induced by the edges in {w i u x 2 +1 , w i u x 2 +2 , . . . , w i u k } ∪ {e i1 , e i2 , . . . , e ix i } is our desired tree. Furthermore, T 1 , T 2 , . . . , T i are pairwise internally disjoint S-Steiner trees.
We continue this procedure until we obtain n − k pairwise internally disjoint trees T 1 , T 2 , . . . , T n−k . Note that if there exists some x j such that x j = 0 then x j+1 = x j+2 = · · · = x n−k = 0 since x 1 ≥ x 2 ≥ · · · ≥ x n−k . Then the tree T i induced by the edges in {w i u 1 , w i u 2 , . . . , w i u k } (j ≤ i ≤ n − k) is our desired tree. From the above procedure, the resulting graph must be G n−k = G − n−k i=1 M i . Let us show the following claim.
Proof. Assume, to the contrary, that δ(
, by our procedure there exists an edge e ij in G i(j−1) incident to the vertex u p such that when we pick up this edge,
. First, we consider the case u p ∈ S i 2 . Then there exists a vertex u q ∈ S i 1 such that when we select the edge e ij = u p u q from G i(j−1) [S], then the degree of u p in
. Assume, to the contrary, that there exists a vertex u s (
Then we should have selected the edge u q u s instead of e ij = u q u p by our procedure, a contradiction. We conclude that d G i(j−1) [S] (u r ) ≤ k−2 2 for each u r ∈ S i 2 (x i + 1 ≤ r ≤ x i + t). Clearly, there are at least k − 1 − k−2 2 = k 2 edges incident to each u r (
X. Li and Y. Mao and hence Combining this with u p ∈ S i 1 , we have u p / ∈ i−1 j=1 S i 1 and we can assume that there exists an integer i ′ (i ′ ≤ i − 1) satisfying the following conditions:
• u p ∈ S i ′ 2 and d G i ′ [S] (u p ) < d G i ′ −1 [S] (u p ); • if u p belongs to some S j 2 (i ′ + 1 ≤ j ≤ i), then d G j [S] (u p ) = d G j−1 [S] (u p ). The above two conditions can be restated as follows:
In fact, we can find the integer i ′ such that u p w i ′ ∈ E(G) and d G i ′ [S] (u p ) < d G i ′ −1 [S] (u p ). Assume, to the contrary, that for each w j (1 ≤ j ≤ i), u p w j ∈ M , or u p w j ∈ E(G) but d G j [S] (u p ) = d G j−1 [S] (u p ). Let i 1 (i 1 ≤ i) be the number of vertices nonadjacent to u p ∈ S in {w 1 , w 2 , . . . , w i−1 } ⊆S. Without loss of generality, let w j u p ∈ M (1 ≤ j ≤ i 1 ). Recall that d For w 2 , we let S 2 1 = {u 2 , u 4 } since w 2 u 2 , w 2 u 4 ∈ M . Let S 2 2 = S − S 2 1 = {u 1 , u 3 , u 5 , u 6 , u 7 , u 8 }. Since d G 1 [S] (u 2 ) = 6 > d G 1 [S] (u 4 ) = 5, it follows that u 2 is the vertex of S 2 1 having maximum degree in G 1 [S]. So we choose u ′ 1 = u 2 in S 2 1 and find the vertices adjacent to u ′ 1 (= u 2 ) in S 2 2 and obtain u 1 , u 3 , u 5 , u 6 , u 8 ∈ S 2 2 since u ′ 1 u j ∈ E(G 21 ) (j = 1, 3, 5, 6, 8). Since d G 1 [S] (u j ) = 6 > d G 1 [S] (u 6 ) = 5 (j = 1, 3, 5, 8) and u 1 is the vertex having maximum degree with the smallest subscript, we choose u ′′ 1 = u 1 ∈ S 2 2 . Put e 21 = u ′ 1 u ′′ 1 (= u 2 u 1 ). Consider the graph G 21 = G 1 − e 21 . Clearly, S 1 − {u ′ 1 } = S 1 − {u 2 } = {u 4 }, so we let u ′ 2 = u 4 and select the vertices adjacent to u ′ 2 (= u 4 ) in S 2 2 and obtain u 5 , u 6 , u 7 , u 8 since u 2 u j ∈ E(G) (j = 5, 6, 7, 8). Since d G 21 [S] (u j ) = 6 > d G 21 [S] (u 6 ) = 5 (j = 5, 7, 8) and u 5 is the vertex with the smallest subscript, we let u ′′ 2 = u 5 ∈ S 2 2 and get e 22 = u ′ 2 u ′′ 2 (= u 4 u 5 ). Since x 2 = |E Kn[M ] [w 2 , S]| = 2, we terminate this procedure. Let M 2 = {e 21 , e 22 } and G 2 = G 1 − M 2 . Then the tree T 2 induced by the edges in {w 2 u 1 , w 2 u 3 , w 2 u 5 , w 2 u 6 , w 2 u 7 , w 2 u 8 , u 2 u 1 , u 4 u 5 } is our desired tree; see Figure 4 (c). Obviously, T 2 and T 1 are two internally disjoint Steiner trees
